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Tropicalization Valuations

tropical semiring T = (R ∪ {∞},⊕,�) = (R ∪ {∞},min,+)

complex Puisseux series C := C{{t}}

x(t) ∈ C ⇐⇒

∃ N ∈ N :

x(t) =
∞∑

k=k0

ckt, ck ∈ C

valuation val(x(t)) = k0
N

val : Cn −→ Tn

(x1(t), . . . , xn(t)) 7−→ (val(x1(t)), . . . , val(xn(t)))

I ideal, V (I) ⊆ Cn variety
tropicalization trop(V (I)) := {val(y) | y ∈ V (I)}

Example.

C2×2 3 Ã =
(

1− t 2t−3

t1/2 + t2 3

)
val(Ã) =

(
0 −3

1/2 0

)
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val(Ã) =

(
0 −3

1/2 0

)

Tropical Positivity and Determinantal Varieties Marie Brandenburg 3



Tropicalization Valuations

tropical semiring T = (R ∪ {∞},⊕,�) = (R ∪ {∞},min,+)
complex Puisseux series C := C{{t}}

x(t) ∈ C ⇐⇒ ∃ N ∈ N : x(t) =
∞∑

k=k0

ckt
k
N , ck ∈ C

valuation val(x(t)) = k0
N

val : Cn −→ Tn

(x1(t), . . . , xn(t)) 7−→ (val(x1(t)), . . . , val(xn(t)))

I ideal, V (I) ⊆ Cn variety
tropicalization trop(V (I)) := {val(y) | y ∈ V (I)}

Example.

C2×2 3 Ã =
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Tropicalization Initial Ideals

w ∈ Rn weight vector, f ∈ R[x1, . . . , xn] polynomial, i.e.

f =
∑
a∈Zn

fax
a, fa ∈ R.

initial form with respect to w:

inw(f) =
∑
a∈Zn

〈w,a〉minimal

fax
a

initial ideal inw(I) = 〈inw(f) | f ∈ I〉

tropicalization trop(V (I)) = {val(y) | y ∈ V (I)}
= {w ∈ Rn | inw(I) 63 monomial}
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Tropicalization Example

f = x− y + 1, I = 〈f〉
trop(V (f)) = {w ∈ Rn | inw(f) 6= monomial}

W = (O
,
W 2)

, Wa>0

inwtf) = ✗ +1

W = 10,01

inwlfl = ✗ -yt 1
/

w = /Wa ,O) , we>0

inwlf) = - y+1

iii.i
◦NO
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Positive Tropicalization Valuations

tropical semiring T = (R ∪ {∞},⊕,�) = (R ∪ {∞},min,+)
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(

1− t 2t−3

t1/2 + t2 3

)
val(Ã) =
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Positive Tropicalization Initial Ideals

initial ideal inw(I) = {inw(f) | f ∈ I}.

tropicalization trop(V (I)) = {val(y) | y ∈ V (I)}
= {w ∈ Rn | inw(I) 63 monomial}

pos. tropicalization trop+(V (I)) := {val(y) | y ∈ V (I)∩(C+)n}

Theorem (Speyer-Williams ’05)
Let w ∈ trop(V (I)). Then w ∈ trop+(V (I))
⇐⇒ all polynomials in inw(I) have coefficients of both signs.
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Positive Tropicalization

Recent Developments

• [Speyer-Williams ’05,’21, Arkani-Hamed-Lam-Spradlin ’21]
positive tropicalization of Grassmannian

• [Boretsky ’21]
positive tropicalization of complete flag variety

• [Ruiz-Santos ’22]
positive part of tropical Pfaffian prevariety
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Positive Tropicalization Positive Generators

Let I = 〈f1, . . . , fk〉.

trop(

V (I)

)

=
k⋂
i=1

trop(

V (fk)

)

But there exists a finite set B (tropical basis) such that

trop(V (I))
⋂
f∈B

trop(V (f))

(hard to find, often unknown)

Definition
A finite set P of polynomials is a set of positive-tropical generators
if trop+(V (I)) =

⋂
f∈P trop+(V (f))

[Speyer-Williams,Arkani-Hamed-Lam-Spradlin ’21] implies
positive-tropical generators 6=⇒ tropical basis
positive-tropical generators ⇐=

?? tropical basis ?
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Determinantal Varieties

Determinantal variety V (Ir) = {Ã ∈ Cd×n | rk(Ã) ≤ r}

Determinantal ideal Ir = 〈(r + 1)× (r + 1)-minors〉
Tropical determinantal variety: trop(V (Ir))

Theorem (DSS05, CJR11, Shi13)
The (r + 1)× (r + 1)-minors form a tropical basis of trop(V (Ir))
if and only if r ≤ 2, or r + 1 = min{d, n}, or if r = 3 and
min{d, n} ≤ 4.

Theorem (B.-Loho-Sinn)
If d = n = r+ 1 or r = 2, then the (r+ 1)× (r+ 1)-minors form a
set of positive-tropical generators of trop(V (Ir)).
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Determinantal Varieties Hypersurfaces

Case d = n = r + 1.

V (det) = {Ã | det(Ã) = 0}, det(Ã) =
∑
σ∈Sn

sgn(σ)
∏n
i=1 Ãiσ(i)

Newton polytope of det: Birkhoff polytope
Bn = conv((n× n)-permutation matrices) ⊆ Rn×n

C is a maximal cone of trop(V (det)) ⇐⇒
C is normal cone of edge conv(σ, π) of Bn

and sgn(σ) 6= sgn(π)

non-positive edges: {(σ, π) | sgn(πσ) = 1} ∼= An alternating group
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det(Ã) =
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Point Configurations

Ã ∈ Cd×n, rk(Ã) ≤ r
→ columns of Ã ∼= n points on r-dim’l linear space in Cd

∼= n points on (r-1)-dim’l linear space in CPd−1

A = val(Ã)
→ columns of A ∼= n points on (r− 1)-dim’l tropical linear space

in TPd−1 = Rn/(R + (1, . . . , 1))

Example  1
0
−1

 ∼=
2

1
0

 ∼=
3

2
1

 ∈ TP2
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Determinantal Varieties Rank 2

Tropical Lines

Theorem (follows from [Ardila ’04])
Let A ∈ trop(V (I2)). Then A ∈ trop+(V (I2))
⇐⇒ points form ”consecutive chain” on tropical line

(⇐⇒ A has Barvinok rank 2)
( ⇐⇒ the ass. bicolored phylogenetic tree [Markwig-Yu’09] is a caterpillar tree)
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Determinantal Varieties Rank 3

A tropical plane is a 2-dimensional polyhedral complex.

Definition.
A point configuration of 3 points form a
starship on a tropical plane if they lie on
3 distinct 2-dimensional faces, which
intersect in an unbounded 1-dimensional
face.

.

Theorem (B.-Loho-Sinn, ”Starship Criterion”)
A ∈ trop+(V (I3))

=⇒ the point configuration does not contain a starship
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Rank 3
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Determinantal Varieties Higher Ranks

For ranks r ≥ 4, higher-dimensional analogues of may occur:

Counterexamples for rank r ≥ 4 of a positive point configura-
tion A ∈ trop+(V (Ir)) containing an analogue of .

Recap
• Rank 2: positive =⇒ no
• Rank 3: positive =⇒ no starship
• higher ranks: everything can happen

Thank you!
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