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P = conv( (σ(1), σ(2), σ(3), σ(4)) ∣ σ ∈ S4) − 3
2 (1,1,1,1)

= conv( (1,2,3,4), (1,2,4,3), …, (4,3,2,1) )− 3
2 (1,1,1,1)
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Central slice of minimum volume
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Affine slice with maximum number of vertices
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WHO WANTS TO COMPUTE (EXTREMAL) 
SLICES OF POLYTOPES?



• Maximal volume slice: What is the slice of  with maximal volume? P
[Ball ‘89, Meyer-Pajor ‘88, Webb ‘96, Pournin ‘22, …]
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• Densest hemisphere problem: Given points on the sphere, how can we find the hemisphere 
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[Johnson-Preparata ’78,…]
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HOW CAN WE COMPUTE THESE 
“EXTREMAL” SLICES?



ROTATIONAL APPROACH

1. Choose a position of the origin
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u
u⊥

What happens if we translate , i.e.  
vary the position of the origin?

P
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For which  does  have the same combinatorics? 
(i.e. the same oriented matroid)

t ∈ ℝd 𝒞↺(P + t)

Translation   rotation of hyperplanes  in central arrangement P + t ⟷ (v + t)⊥ 𝒞↺(P + t)



Consider the affine hyperplane arrangement (called cocircuit arrangement) 
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H(β) = {x ∈ ℝd ∣ ⟨x, u⟩ = β}

u⊥

Consider the parallel hyperplane arrangement

.𝒞u
↑(P) = {H(⟨v, u⟩ ∣ v is a vertex of P}

 The combinatorial type of  is constant  
        in each cell of .
⟶ P ∩ H(β)

𝒞u
↑(P)

We refer to the maximal cells of  as chambers.𝒞u
↑
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For which  does  induce the same ordering of the vertices?u ∈ Sd−1 𝒞u
↑(P)

Consider the sweep arrangement

ℛ↑(P) = {(vi − vj)⊥ ∣ vi, vj are vertices of P}

 with each region of  the induced ordering given by  is fixed⟶ ℛ↑(P) 𝒞u
↑(P)
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ℛ↑(P) = {(vi − vj)⊥ ∣ vi, vj are vertices of P} 𝒞u
↑(P) = {H(⟨v, u⟩ ∣ v is a vertex of P}



THEOREM (B.-MERONI-DE LOERA ’23): 

Let  be a polytope and  be a polynomial in variables .  

Fix a region  of the sweep arrangement, a unit direction  and a 
chamber  of the parallel arrangement.  

Restricted to  and , the integral 

  

is a rational function in variables . 

P ⊆ ℝd f(x) = ∑α cαxα x1, …, xd
R ∈ ℛ↑(P) u ∈ R ∩ Sd−1

C(u) ∈ 𝒞u
↑(P)

u ∈ R ∩ Sd−1 H(β) ∈ C(u)

∫P∩H(β)
f(x) dx

u1, …, ud, β
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ROTATION VS TRANSLATION 
COMPARISON OF THE APPROACHES
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Running time of the algorithm  number of chambers in the arrangements 

# vertices of 

⟷
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ROTATIONAL APPROACH 
ARRANGEMENT  #CHAMBERS (INCL. LOWER-DIM. CELLS) 

              

              

Total                 

𝒞↺(P) O(nd2d)

ℛ↺(P) O(nd22d)

O(nd2+d2d)

TRANSLATIONAL APPROACH 
ARRANGEMENT  #CHAMBERS (INCL. LOWER-DIM.) 

                

               

Total                 

𝒞↑(P) O(n)

ℛ↑(P) O(n2d2d)

O(n2d+12d)

If  is fixed then all of these are polynomials in d ∈ ℕ n
 both approaches yield algorithms in polynomial running time⟶
 Translational approach runs much faster⟶
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WE CAN COMPUTE ALL OF THIS IN POLYNOMIAL TIME IN FIXED DIMENSION 
 

( MOST OF THESE PROBLEMS ARE KNOWN TO BE (AT LEAST)  
NP-HARD IN NON-FIXED DIMENSION )



COMBINATORIAL TYPES OF SECTIONS OF THE CROSS-POLYTOPE
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 P = conv(±ei ∣ i ∈ [d]) d = 3
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 P = conv(±ei ∣ i ∈ [d]) d = 5
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THANK YOU!


