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Tropical Semiring is T = (RU {o0}, ®, ®) with addition and
multiplication

a® b = min(a, b)
aGb=a+b

OnT" = ((RU{oc})", &, ®) addition and multiplication is defined
componentwise:

min(V'\,W1) A+Vq
VOW = < : ) AQV= ( : >
min(v'mwm) )\J;Vn

min(14-0,5)
Jo(2) = (w3 = (3)
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TROPICAL POLYTOPES

Definition
Let V={vq,...,v,} CR" The tropical convex hull of Vis
tconv(V) ={a1 0@ - @a, OV, | ay,...,a, € R}

x € tconv(V) = AOx=x+A(1,...,1) € tconv(V).
Identify tconv(V) with its image in the tropical projective torus
TP ' =R"/Ro(1,...,1).
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PICAL POLYTOPES

Definition
Let V={vq,...,v,} CR" The tropical convex hull of Vis
tconv(V) ={a1 0@ - @a, OV, | ay,...,a, € R}

x € tconv(V) = AOx=x+A(1,...,1) € tconv(V).
Identify tconv(V) with its image in the tropical projective torus
TP ' =R"/Ro(1,...,1).
min(aq,(]z+2) .
) = {(min(aq,az+1)> | aq,0a; € R, mln(aq. 02) = O}
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TRO

PICAL POLYTOPES

Definition
Let V={vq,...,v,} CR" The tropical convex hull of Vis
tconv(V) ={a1 0@ - @a, OV, | ay,...,a, € R}

x € tconv(V) = AOx=x+A(1,...,1) € tconv(V).

Identify tconv(V) with its image in the tropical projective torus
TP ' =R"/Ro(1,...,1).

min(aq,(]z+2) )
) = min(aq,a,+1) | aq,0a; € R, m|n(CI1, Clz) =40
0

pseudovertex
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1tropical vertices

0
Example: tconv ( 0
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TROPICAL POLYTOPES

AAP)

polytropes

Definition
Polytropes are tropical polytropes that are clasically convex.

Question
Given the tropical vertices of a tropical polytope P, how can we tell
if P is a polytrope?

L Kleene stars!
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KLEENE STARS AND SHORTEST PATHS

Vi
0 3 2 5 3
c=13 0 4
5 6 0
V3OS W
(n x n)-matrix with
0’s along the diagonal weighted complete digraph Kj
0 3 2
c"=13 0 4
5 6 0

weight of shortest path from vertex v; to v; in Kj

Definition

A matrix c € R"™" is a Kleene star if ¢ = c*. The polytrope region is
the set Pol, = {c € R™" | cis a Kleene star}.



POLYTROPES

Proposition (de la Puente "13)
Let P C TP"~' be a non-empty set. The following are equivalent:

(1) Pis a polytrope.
(2) There is a Kleene star ¢ € Pol, such that P = tconv(c).
(3) There is a Kleene star ¢ € Pol, such that

P={yeR" |y -y <cyyn=0}.

Furthermore, the c's in the last two statements are equal, and are
uniquely determined by P.
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Definition

A polytrope is called maximal if it has (2” 2) vertices as an ordinary
polytope.

dimension 2 3 4 5

# comb. types of max. polytropes | 1 6 | 27248 | 7
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MAXIMAL POLYTROPES

Definition
A polytrope is called maximal if it has (2” 2) vertices as an ordinary
polytope.
dimension 2 3 4 5
# comb. types of max. polytropes | 1 6 | 27248 | 7

Kulas-Joswig '08, Jiménez-De la Puente 12, Tran "17, Joswig-Schroter 19

Question

the same type?

LILE

Given two Kleene stars, how can we tell if they define polytropes of
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KLEENE STARS AND GROBNER FANS

Pol, ={c e R™" | cis a Kleene star}
Grobner fan GF, of the ideal I = (xjx;i — 1, XjjXjr — Xir)
— Subfan GFp|pol,
Theorem (Tran, '17)

Cones of GFn|pol, oy types of polytropes in TP"~'

Open max cones of GF|pol, 2y types of max polytropes in TP"~'
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VOLUME POLYNOMIALS

Goal
We want to compute a polynomial
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VOLUME POLYNOMIALS

Goal
We want to compute a polynomial
p: open maxcone of GFylpy, — R
Kleene starc +—  Vol(Pc)
Theorem

Let X be the smooth toric variety defined by the normal fan X of a

maximal polytrope Pc and Dj; the divisors corresponding to the rays
of ¥. Then [D;] € H*(X, Q) and

dim P
D(GQ,CIB,... n(n— 1) / [Z auDu]
is a polynomial such that p(c) = Vol(Pc).

There is an algorithm (de Loera-Sturmfels '03) that only depends on
the choice of the cone.



VOLUME POLYNOMIALS

2 2 2 2 2 2
Vol(a) = — a5, — @33 — a3 — A3 — a3 — A3, + 2012013

+ 2013093 + 201023 + 2021031 + 201203, + 203103
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FROM CONTINUOUS TO DISCRETE VOLUME

Discrete volume — lattice point count
ehrp(t) = |tPN Z"|
=|{xezZ"|Ax<ta}|, A€ R™" aeR"
- &tdimp + Cdim P—Wtd71 oaodh @
— Cdimp = Volume (P)
Mulitvariate version- keep a € R™ variable
ehrp(as,...,am,t) — independently move facets.

Goal
Transform multivariate volume polynomials to multivariate Ehrhart
polynomials.

- Use a differential operator - the Todd Operator
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)k.
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FROM CONTINUOUS TO DISCRETE VOLUME

The Todd operator is the differential operator

I3
Todd, =1+ Y (—1 kB’* <C;jh> .

R>1

Bernoulli numbers: By, R € Z>o:

Theorem (Khovanskii-Pukhlikov, 1992)
Let P C R" be a unimodular, lattice d-polytope. Then:

#(PNZ") = Toddp, vol(Py)|no-
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FROM CONTINUOUS TO DISCRETE VOLUME

Theorem (Khovanskii-Pukhlikov, 1992)
Let P C R" be a unimodular, lattice d-polytope. Then:

#(P N Zn) = Todd, Vo'(Ph)|h:O-

unimodular: primitive vertex cone generators form Z¢ basis.

For h € R™, the shifted polytope Py, is defined as

Pn={xeR":Ax < b+ h}.

Todd(b — a + 2h)|p—o
a b =[14+ 1&](b - a+2h)|n=0
a—h b+h =b—a+2h+1p
vol=b—a+2h =b—-a+1
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EHRHART POLYNOMIAL - EXAMPLE

2,2,0 1 1 1 1 1 1
0,1,0 vol(a) = — 50122 - 50123 - 5051 - 5053 - §a§1 - Eagz
+012013 + Q13023 + G21023 + A21A371 + 412032 + 431032
1,0,0 —volume in terms of facet heights

— for small h, vol(Py) = vol(a + h)

Toddp vol(a + h)

10 1, 0 |2 1 0 1, 0 \2

=0+ 25m, T 8amg) ) 11 29m, * 8GR, 1 vol@ Ml
10 1, 0 \2 1 0 1, 0 |2

=1+ 350, t5(5a) 1 U1+ 250, 75 (5e5) 1@

1
= vol(a) + E(Chz + Qi3+ Ay + 03 + 431 + 032) +1



EHRHART POLYNOMIAL - EXAMPLE

1 1 1 1 1
50 — iagw - 5053 - §a§1 - §a§2

+ A12013 + Q13023 + A1Q23 + A21031 + 1203, + 43103

;
+ E(Gu + 013 + Go1 + Gp3 + A31 + A32) + 1

2,2,0
ehr(1,2,1,2,0,0) =7

0,1,0
ehr(t, 2t,t,2t,0,0) =3t + 3t + 1

1,0,0

14



FROM EHRHART TO h* POLYNOMIALS

Ehrhart series of a d-dimensional lattice polytope P:

h*(t)

Ehrp(t) = Y ehrp(R)tk = EDE

R>0
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FROM EHRHART TO h* POLYNOMIALS

Ehrhart series of a d-dimensional lattice polytope P:

h*(t)
k>0

Ehrp(t) = (Co- K+ Comr - R+ -+ + o - RO

k>0
d
D
j=0 k>0

— recognize the Eulerian polynomials

k i(t)
> Rt = 714

k>0

d
= ha(t) =Y gA(D(1 — 1)*



FROM EHRHART TO h* : EXAMPLE

h*(t) = Yoo A () (1 — D)3

0,1,0

2,2,0

1,0,0
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FROM EHRHART TO h* : EXAMPLE

* d —j
h*(t) = Yo gA (1 — 1)
ehr(a,t) =

1 0,1,0
_E((ﬁz + % + a3 + 033 + a5 + a5,)
+ (12G13 4 G133 4+ 003 + A0 031 + A12A3; + A3103;)t2

1
+ 5(012 + 03+ 0 + 03 + a3 + At + 1

— collect terms of like degree

2,2,0

1,0,0
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FROM EHRHART TO h* : EXAMPLE

h*(t) = Yoo A () (1 — D)3

ehr(a,t) = 2,2,0
1 0,1,0
_E((ﬁz + % + a3 + 033 + a5 + a5,)
+ (A12G13 + Q13023 + A1Ap3 + A Q31 + A1pA3; + 03103t i
1 b bl
+ 5(012 + 03+ 0 + 03 + a3 + At + 1
— collect terms of like degree
— apply formula to find h*
N 1
h*(a,t) —( Z 75[(]]2] + Cl,‘j] + Z [a,'ja,-k + Clj,'Cl;?,‘] + 1>t2
i#ep] i#j#ke3]
1
+ < Z i[a,-,- — 0,2}] =4 Z [O,’jCl,'k + Oj,'Clh,'] — Z)t-l-'l
i#j€[3] i#j#kRe[3]
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FROM EHRHART TO h* : EXAMPLE

h*(t) = Yoo A () (1 — D)3

2,2,0

ehr(a,t) =
1 0,1,0
_E((ﬁz + % + a3 + 033 + a5 + a5,)
+ (A12G13 + Q13023 + A1Ap3 + A Q31 + A1pA3; + 03103t i
1 b bl
+ 5(012 + 03+ 0 + 03 + a3 + At + 1
— collect terms of like degree
— apply formula to find h*
N 1
h*(a,t) —( Z 75[(]]2] + Cl,‘j] + Z [a,'ja,-k + Clj,'Cl;?,‘] + 1>t2
€3] i#j#ke[3]
1
+ < Z i[a,-,- — 0,2}] =4 Z [O,’jCl,'k + Oj,'Clh,'] — Z)t-l-'l
iZj€[3] i£j£Re[3]

h*(1,2,1,2,0,0,t) = £ + 4t + 1
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Result:

Multivariate volume, Ehrhart, and h* polynomials for all polytropes
up to dimension 4.

— fast computation time.



POLY POLYNOMIALS

Result:

Multivariate volume, Ehrhart, and h* polynomials for all polytropes
up to dimension 4.

— fast computation time. Volume polynomial of a 3-polytrope:
203, — 30505 + a3 — 30501 4 60101301 — 30301 + G — 305023
+ 6a1301,023 — 30%4023 - 3014053 = 3021053 i 033 = 3051024 + 6014023024
+ 6021023024 — 30140%4 — 3023054 ar 034 — 30%1031 + 6021024031 — 30%4031
= 30240%1 + Clgq = 30122032 + 6012014032 — 30%4032 = 30%1032 = 30140%2
+ 6014024034 + 6024031034 + 6014032034 + 6031032034 — 31403, — 302403,
— 303103, — 303203, + 203, + 602103104 — 3050 + 6031032041 — 305,0s1
— 3ana4 — 303,05 + Q4 — 305012 4 6012013047 — 303304 + 601203201
+ 6032041042 — 301305, — 303205, — 3004, + Aoy — 305 As3 + 6A13023043
+ 6021023043 — 3053043 + 6021011 As3 — 304 Qa3 + 6A13042As3 + 601104203

2 2 2 3
— 3013043 - 3021043 - 3042043 + 043



UNDERSTANDING THE COEFFICIENTS

dimension
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3
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5

# comb. types of max. polytropes

1

6

27248

?
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UNDERSTANDING THE COEFFICIENTS

dimension 2 3 4 5

# comb. types of max. polytropes | 1 6 | 27248 ?
Kulas-Joswig '08, Jiménez-De la Puente "12, Tran 17, Joswig-Schroter 19

Theorem: Joswig-Schroter 19

Maximal n-polytropes < regular central triangulations of the
fundamental polytope FPp .

fundamental polytope:

FPn = conv{e; —e; | i #j € [n]}.



UNDERSTANDING THE COEFFICIENTS: DIMENSION 3

-e2-e4

82—

/-el-ed

A regular central triangulation of FP, is determined by a
triangulation of each of the six square facets.

19
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Result

The coefficients of the six 3-dimensional volume polynomials
correspond to the six triangulations of the fundamental polytope.
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correspond to the six triangulations of the fundamental polytope.

0 1 20 29
217 0 19 20
20 29 0 ™M
19 20 21 O
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UNDERSTANDING THE COEFFIECIENTS: DIMENSION 3

Result
The coefficients of the six 3-dimensional volume polynomials
correspond to the six triangulations of the fundamental polytope.

0 1 20 29
217 0 19 20
20 29 0 ™M
19 20 21 O

{e1—ey,e5—e,e1—e,,0}
form a simplex
en = coefficient of ap,asaq, is 6.

e; — e, neighbors e3 — e,

and e; — e, is adjacent to a
triangulating edge in the square
= coefficient of a%,as, is -3.




UNDERSTANDING THE COEFFIECIENTS: DIMENSION 3

203, — 3a%,a53 + @35 — 303,014 + 6A1A1301, — 303501, 4 3; — 3025053

+ 6013014023 — 303,023 — 3014033 — 3021035 + G35 — 305,02y + 601402302

+ 60102307, — 30140%4 = 30230%4 + 034 = 30%1031 + 601074031 — 30%4031

— 30,403, + 03,—30%,03; + 601,014,03, — 303,03, — 303,03, — 301,05,

+ 6014024034 + 6024031034 + 6014032034 + 6031032034 — 301405, — 302403,
— 303103, — 303,03, + 243, + 6051031041 — 303,041 + 603103041 — 303,04
= 3(1210%1 = 3032021 + (121 = 30122042 + 601201304 — 30123042 + 601032047

+ 603204047 — 301305, — 303,05, — 30102, + A3, — 303,043 + 6013023043
+ 6021023043 — 3033043 + 6021041043 — 302,043 + 6A13042043 + 604142043

2 2 2 3
— 304303 — 3021033 — 3042033 + Qi3

21
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— less straight forward than dim 3
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— Embed the 27248 normalized volume polynomials in the vector
space of homogeneous polynomials of degree 4, having dimension
(7)) = 8855. The affine span has dimension 70.
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UNDERSTANDING THE COEFFIECIENTS: DIMENSION 4

— less straight forward than dim 3

— Embed the 27248 normalized volume polynomials in the vector
space of homogeneous polynomials of degree 4, having dimension
(7)) = 8855. The affine span has dimension 70.

Partition | Example monomial Possible coefficients Coefficient sum
4 @ —6,-3,-2,—1,0,1,2,3 —20
3+1 a3,a13 —4,0,4,8 320
2+2 Gy 0,6 300
2+1+1 anana’, —12,0,12 —2160
1+1+1+1 Q12013014015 0,24 1680

22



SUMMARY AND FUTURE QUESTIONS

- Used tools from algebraic geometry and Ehrhart theory to quickly
produce multivariate volume, Ehrhart, and h*-polynomials for all
polytropes up to dimension 4
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SUMMARY AND FUTURE QUESTIONS

The Mahler Conjecture (1938)
For K € R" compact, centrally symmetric, full-dimensional, convex:
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- Question: Can our volume polynomials be used to prove the Mahler
conjecture for 4-dimensional centrally symmetric polytropes?
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Thank You!
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